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1. MODULUS OF ELASTICITY
Scholander (1973) used the applications of theory of elasticity developed by Herts for
developing the models for tyre-soil interaction:
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Later he fitted the field observations to the model, and found that the tyre elastic properties
(EW) was rather constant, but the wheel elastic properties (ES) was not only dependent on
soil properties, but also on variation on wheel variables, wheel load and wheel dimensions.
He found out, that the empirical model becomes:
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where the constant k1 varies 1.35...1.74.
From an empirical data he developed the models for estimating the contact length of a
pneumatic tractor tyre:
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Table 1.1 Modulus of elasticity of some forest soils (Scholander 1973)
ES, N/cm2 ER, N/cm2 a, °
Tarmac road F 20000 72
Gravel road  F 6000 84,80
Gravel road  I 6000 103,116
Field1 F 445 64
Field1 I 402 69,97
Field2 F 283 55,70
Field2 I 253 89,94
Forest1 F 500 61
Forest1 I 500 55
Peatland1 F 83 43,44 45,2
Peatland2 I 83 61,70 42,5
Scholander found out, that the modulus of Elasticity (EL) is highly dependent on soil dry
density
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From Sholander’s data the following model can be constructed
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EL (linear) modulus of elasticity, kN/m²
gd soil dry density, kg/m³
2. ROLLING RESISTANCE AND SINKAGE
The dependence of the rolling resistance on the sinkage can be theorised in different ways.
In this paper the basic geometry theories are used.
2.1.  Rigid wheel on elastic ground
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The basic assumption is that the wheel must climb up the height of the sinkage at a certain
distance. In the rigid wheel theory the distance is determined by the wheel centre and ground
contact point (Kaje 1968), see Figure 2.1.
r
r-z
z
DRIVEN
FREE ROLLING
X
C
a
z
Figure 2.1. Rigid wheel geometry
Driving wheel
µR = SINa                                                (2.1.1)
Free rolling wheel
µR = TANa                                                (2.1.2)
 
µR rolling resistance coefficient
a  angle corresponding to rolling resistance
From Figure 2.1 one can establish the following equations:
( )X r r z= - -2 2 ; X r z z= × × -2 2 ; X d z z= × - 2 (2.1.3)
C X z= +2 2 ; C r z= × ×2 ; C d z= × (2.1.4)
and the value of sinus, cosinus and tangent:
Driving wheel
SIN   =  
z
d z
a
×
      SIN   =  
z
a
d
           (2.1.5)
Free rolling wheel                                        
ETYRE03.DOC  23/01/03
6
TAN   =  
z
d z -  z²
a
×
  (2.1.6)
z sinkage, m
d    wheel diameter, m
2.2.  Pneumatic tyre on soft ground
The contact surface of a pneumatic tyre on soft ground is depends on the elasticity of the
tyre and of the ground. The situation is more difficult to model, but in the simplest models the
solution lies between the two extremities:
· the contact surface is between the axle line and soil contact point, chapter 2.2.1.
· the contact surface is between the soil contact point and the leaving point, chapter 2.2.2.
The first case is applicable for the situations, where the elasticity of soil and tyre are
relatively small, and  the soil behaves more like a plastic body. It can be used in case, when
the distance between axle and soil surface (r-z-d) is known. The latter case is better
applicable for more elastic soil and tyre cases, and when the rut depth (zRUT) is measured in
stead of observing the actual sinkage (z).
2.2.1. Short contact line
The wheel geometry is in Figure 2.2.
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Figure 2.2. Pneumatic tyre on soft ground, Case 1.
The following solutions can be based on Figure 2.2:
( )X r r z= - - -2 2d ; X r z r z z= × × + × × - × × - -2 2 2 2 2d d d (2.1.7)
C X z= +2 2 ; X r z r z= × × + × × - × × -2 2 2 2d d d (2.1.8)
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Driven wheel
m
d d dR
 =   
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2 r z +  2 r  -  2 z  -  ²
 
× × × × × ×
   (2.1.9)
Free rolling wheel
m
d d d
R
 =   
z
2 r z +  2 r  -  2 z  - z -  ²
 
2× × × × × ×
   (2.1.10)
2.2.2.  Long contact length
The wheel geometry is given in Figure 2.3.
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Figure 2.3. Pneumatic tyre on soft ground, Case 2.
The following solutions based on Figure 2.3 are:
( )X r r z= - - -2 2d ; X r z r z z= × × + × × - × × - -2 2 2 2 2d d d (2.1.11)
( )Y r r= - -2 2d ; Y r= × × -2 2d d Y d= × -d d 2 (2.1.12)
C X Y z= + +( )2 2 ; (2.1.13)
Driving wheel
m
R
 =   
z
 
C
   (2.1.14)
Free rolling wheel
m
R
 =   
z
 
X Y+
   (2.1.15)
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2.2.3.  Modified Keen & Craddock model
Keen & Craddock (1997) found out, that the latter term (Y) can be estimated with a
simpler model (see Part  1, Chapter 3.14 , Figure 6).
Y = ×3 d (2.1.16)
Equations  2.14 and 2.15  can be used by replacing the rear part of the contact length (Y)
model (2.12) by model (2.16).
2.2.4.  Equivalent wheel model
Equivalent wheel model, (Virtual wheel) or Surrogate wheel as called by Schmid (1995), is
also used for estimating the contact path. Equivalent wheel is a realistic simple model, but the
calculation process becomes difficult, because the equivalent radius, rEQ, is not known, but
needs iterations for the calculation process. Equivalent wheel model can be derived from the
long contact path models, assuming, that the wheel behaves like a larger virtual wheel,
Figure 2.4. The equivalent virtual wheel radius rEQ can be calculated from the wheel
geometry.
r
z
d
EQ
r
rEQ-z
Y X
Figure 2.4. Rigid virtual wheel with the sinkage z compared to a pneumatic wheel with
deflection d and sinkage z.
( ) ( )r r z X YEQ EQ= - + +2 2 (2.1.17)
and further
( )r r r z z X YEQ EQ EQ= - × × + + +2 2
2 (2.1.18)
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from which rEQ can be solved
r
z X Y
zEQ
=
+ +
×
2 2
2
( )
(2.1.19)
2.3. The applicability of the models for predicting the rolling resistance and rut
depth
The rolling resistance coefficient calculated by different models are compared in Figure 2.5.
The results are calculated as a function of relative deflection (0.0p) for different relative
sinkage, 0.011, 0.08 and 0.15 decimal percent (0.0p) of the wheel diameter. As the tyre
diameter of the rear bogey of a forwarder is commonly 1.3 m, the corresponding sinkage is
about  15, 100 and 200 mm.
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Figure 2.5. Calculated rolling resistance coefficient using three different models (2.1.1,2,3) a
function of tyre deflection for three different sinkage (z%= 0.011, 0.08 and 0.15)
corresponding to 0.015, 0.100 and 0.200 m rut depth.
The models are compared with WES-models. The tyre deflection was put to 0.01 to 0.12
decimal percent, and the wheel load was increased to the corresponding level. The tyre
deflection model is based on Nokia tyre characteristics. In some cases the load exceeded
the nominal tyre load, which means an extrapolation beyond the normal load range. Tyre
inflation pressure was 400 kPa. The rolling resistance coefficient for a  d=1.333 and
b=0.600 m tyre were as given in Figure 2.6. As a reference the Wismer & Luth (1973) and
Maclaurin (1990) models were used, plotted with grey lines in Figure 2.6.  At normal
deflection (0.02…0.06) the long contact line model (2.14, MODEL2) seemed the most
appropriate. At higher deflection it may result systematically too low rolling resistance
values. The rigid wheel model (2.1.5, RIGID) gives far too high rolling resistance estimates,
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but an empirical model (2.1.20), (RIGID^1.5) seems to give meaningful estimates. The use of
modified Keen & Craddock model (2.1.16, MODEL 3 ) does not seem practical.
The Wismer-Luth and Maclaurin models have been based on more flexible tyres (lower ply-
rating) with 150...200 kPa tyre inflation pressure, which is only the half of the pressure, used
in forwarders.
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Figure 2.6. Rolling resistance coefficient as a function of relative deflection
2.4.  Maclaurin’s models
Maclaurin (1990) has developed the following models for rolling resistance coefficient
(2.4.1) and for sinkage (2.4.2):
mR
CIN
= +0 017
0 453
.
.
(2.4.1)
z d
NCI
= ×
0 224
125
.
.
(2.4.2)
Equations (2.4.1) and (2.4.2) result in the following solution:
z d R= × ×0 6
1 25. .m (2.4.3)
2.5. Empirical rut depth model
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When testing different exponential transformations, it was concluded, that the form of the
dependence between rolling resistance and sinkage, based on WES-model assumptions,
followed rather well the powers of z0.75 and d0.5, yielding the following model:
mR
RUTz
d
=
15.
(2.21)
or
z dRUT R= ×
0 66 1 33. .m (2.22)
In Figure 2.7. the exponential transformations of the rigid wheel model are compared with
the results of the rolling resistance models of Wismer&Luth and Maclaurin. It can be seen
from Figure 2.7, that the rolling resistance coefficient lies somewhere between the values
calculated using Equations 2.19 and 2.21.
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Figure 2.7. Comparison of the rolling resistance coefficient models.
2.6.  Anttila’s rut depth model
Anttila (1998) developed a rut depth models based on WES-method Eq. (2.6.1).
z
N
dRUT
CI
= ×
0 248.
(2.6.1)
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Because he did not measure the wheel performance, rolling resistance is not known. The
rolling resistance is calculated using virtual wheel geometry using three rolling resistance
models, Maclaurin (1990), Wismer & Luth (1973) and NIAE model (Gee-Clough 1978).
The tyre deflection is calculated using the tyre deflection model, Eq. (2.6.2)
d = × +
æ
è
ç
ö
ø
÷ ×0001 0365
170
. .
p
W
i
(2.6.2)
For an average loaded forwarder wheel (W=40 kN, d=1.330 m, b=0.600 m, pi=400 kPa,
a=0.55) and three different penetration resistance soils (q= 350, 500 and 750 kPa) the
following sinkage and rolling resistance coefficients are calculated, Table 2.1.
Using the virtual wheel model and letting the calculated sinkage and deflection, the following
rolling resistance coefficients were calculated, Table 2.1.
Table 2.1 Rolling resistance of a virtual wheel based on Anttila’s sinkage model compared to
rolling resistance calculated using 3 different WES models.
Model Penetration resistance
350 500 750
Sinkage, m (Eq. 2.6.1)
0,167 0,117 0,078
Rolling resistance coefficient
Virtual wheel, Anttila’s z 0,23 0,18 0,13
Maclaurin (1990) 0,25 0,18 0,12
Wismer-Luth (1973) 0,21 0,16 0,12
NIAE 0,19 0,15 0,12
2.7.  Combining of the rut depth-rolling resistance models
As seen from Chapters 2.3 - 2.6 rolling resistance and rut depth are interdependent and
rolling resistance models can be used for predicting rut depth and vice versa. The studied
two models, Anttila’s (1998) rut depth model and Maclaurin’s (1990) sinkage model give
somewhat different estimates for rut depth. When comparing the virtual wheel rolling
resistance models, using three well known rolling resistance models, Maclaurin (1990),
Wismer & Luth (1973) and NIAE (Gee-Clough 1978), it can be seen from Figure xx, that
the following model (Eq 2.7.1) combines rather well the rut depth and rolling resistance
models. In fact, it is an extension of models 2.21 and 2.22.
z dRUT R
x= ×0 66. m (2.7.1)
where
zRUT rut depth, m
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d wheel diameter, m
x coefficient
1.35 shallow rut estimate range (Maclaurin’s sinkage model)
1.45 deep rut estimate range (Anttila’s rut depth model)
Coefficient x lies between 1.35, for deeper rut depth estimates obtained by Anttila’s (1998))
rut depth model and 1.45, for shallower rut depth estimates obtained by Maclaurin’s
sinkage model. The range of coefficient x is depicted in Figure 2.1. The compared rolling
resistance models are Maclaurin (M), Wismer-Luth (W) and N.I.A.E. (N).
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Figure 2.1  Rut depth calculated using Anttila’s () (zAnttila) and Maclaurin’s () (zMaclaurin) models
compared to calculated rut depth based on three rolling resistance models (M, Maclaurin (), W, Wismer-
Luth, N, N.I.A.E.) and conversion Equation (), using two different coefficients, 1.35 and 1.45.
A simpler one entry model gives about the same range of estimates, Eq. (2.7.2), but the
coefficient x differs lightly:
zRUT R x= m (2.7.2)
where
zRUT rut depth, m
x coefficient
1.25 deep rut estimate range (Anttila’s rut depth model)
1.35 shallow rut estimate range (Maclaurin’s sinkage model)
Because the two values are rather close to each others, the rolling resistance conversion
model, Eq. (2.7.3)
zRUT R= m 13.
(2.7.3)
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can also be used as an universal model.
3. SOIL COMPACTION
Soil compaction has been largely
studied in agriculture, and as a rule
the heavy traffic of farm machinery
has been proved to decrease the
soil productivity  (for example
Alakukku (1997). Botta et al
(2002) studied soil compaction
under different wheel loads and
tyre configurations (codes in Figure
x.x W, wide, T, tall, N, narrow,
D, dual) on tilled clayish
agricultural soils. The high wheel
load (H) was about 25 kN and
low (L) about 20 kPa. They
compared different tyre widths,
narrow, 0.467 m, wide, 0.587 m
and  tandem wheel, about 0.9 m
wide. The ground pressure, wheel
load divided by observed contact
area, was for high wheel load 79-
130 kPa and for low wheel load of 64-107 kPa. A part of their results is depicted in Figure
3.1.  They concluded that
1) Subsoil compaction due to tractor traffic is directly related to axle load
2) For the same tyre configuration increasing axle load produces considerable
increase in cone index
3) Topsoil compaction can be reduced by matching tyres with axle weight, topsoil
compaction can be reduced by wider tyre
Danfors (1980) showed that subsoil compaction may reach to 1 m depth, and its magnitude
is a function of vehicle weight only, and is independent of ground pressure. Taylor & Burt
(1984, 1987) studied a 24.5-32 flotation tyre and a 67x34.00-30 farm tractor tyre on
layered soils, and found out that soil pressure in upper layer was higher and lower in subsoil
compared to homogenous soil. They also found out, that the tyre configuration had no effect
on compaction, the only variable influencing the soil density being the total load.
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Figure 3.1 Bulk density after different
wheel passes (Botta et al 2002)
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Many other authors have obtained the same kind of results, which permits to conclude, that
increase in tyre width has lesser influence in soil compaction than decrease in wheel load.
Larger tyre with the same load diminishes rutting of surface layer, but increases the
compaction of deeper layers.
3.1. Pressure distribution in soil
When evaluating the total effects of the transport into the soil both the surface effect, soil
deformation and compaction and the subsoil effect, compaction, must be taken into
consideration, even in most cases the damages on surface layer are more pronounced. In
some soils, mainly in deep soft soils the subsoil compaction may also became a problem.
The subsoil compaction is, however, more acute problem in agriculture, where the traffic is
more intense. The analysis on pressure distribution in soil permits to evaluate the possible
risks, and to make more exact decisions, even the true pressure distribution in
inhomogeneous forest soils may differ largely from the results obtained using theoretical
models, developed for more uniform soils.
The pressure distribution under circular plate follows the
Boussinesq equation, Eq(3.1) (Helenelund 1974)
)cos1( bs a-×= pz (3.1)
where
sz soil vertical pressure at the depth  z, kPa
a concentration factor
b angle, depending on plate radius and depth z
z depth, m
s
b
z
Figure 3.2Vertical stress
under a circular plate
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Concentration factor (a) depends
on soil homogeneity. For soil with
loose surface layers and hardening
towards deepening layers the a is
1-3, for rather homogenous 4-5
and for soils with loose subsoil
over 6. In Figure 3.3 the vertical
pressure at different depths under
the centerline of a 600 mm wide
tractor tyre is depicted using
different concentration factors. In
the Finnish forest soils the harder
C-horizon is often at a depth of 0.3
to 0.4 m and therefore
concentration factor 1 to 3 may be
relevant, and one can see, that the
soil pressure in deeper layers
becomes small, and less significant.
The compaction in some deeper
soft soils may become noticeable,
because the pressure bulb
penetrates into deeper layers.
Some kind of a rule of thumb:
for moraine soils with hardening soil profile the pressure is the half of the
contact pressure at the depth of half of the tyre width
for homogenous soils the soil pressure is the half of the contact pressure at
the depth of the tyre width.
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Figure 3.2. Soil pressure under a 600 m wide tyre at
different depth using different concentration factors
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The compaction of deeper layers
(>0.3 m) is less pronounced in
moraine soils, as seen from Figures
3.4 and 3.5. In Figure 3.4. the
vertical stress in moraine (a=3)
soil under the wheel centerline of a
1.330 m forestry tyre with different
width is depicted. The wheel load
is kept contant 40 kN, and tyre
inflation pressure is 400 kPa. The
situation is somewhat different in
soft homogenous soils, the high
pressure reaches far deeper (red
line in Figure 3.4). In this case the
concentration factor (a=8) is
assumed.
It is evident, that the influence of
tyre width is more pronounced into
the surface layer, A and B horizons
in the common Finnish forest
moraine soils. On these types of
soils the risk of damages into deeper layers is independent of tyre width.
In Figure 3.5 the influence of tyre load on soil compaction is studied. The calculation is
based on a 12 t forwarder with different loads, see Table 3.1. Tyre diameter is 1.330 m and
inflation pressure 400 kPa. Other wheel variables are in Table 3.1.
Table 3.1 Tractor and tyre characteristics used in calculus
Charateristic Symbol Value
Width, m b 0.500 0.600 0.700 0.800
Aspect ratio a 0.60 0.55 0.47 0.41
Load, t 7.0 8.2 11.2 15.6
Wheel load, kN W 29.5 32.6 40 51
Contact pressure, kPa pc 340 340 340 340
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Figure 3.3. Vertical stress under wheels with
different width as a function of depth. Concentration
factor a=3 (grey&black) and a=8 (red).
ETYRE03.DOC  23/01/03
18
From Figure 3.5 one can see the
essential effect of the load size or
wheel load and tyre width on soil
compaction. Under a narrow tyre
(0.5 m) a 7 t load causes the same
ground pressure than a 15.5 t load
with wide tyres (0.8 m), but at 0.4 m
depth the pressure under narrower
tyre is less than under wider tyre.
Taking into consideration the fact,
that deeper layer is denser and thus
less sensitive on increase in vertical
pressure on moraine soils the wide
tyre may decrease the soil damages.
For deeper soils the harmful effect of
wider tyre, deeper pressure bulb, is
accentuated, see Fig 3.5. Under a
narrow tyre with acceptable contact
pressure the harmful pressure bulb
does not reach the deeper layers.
Under a wide tyre the contact
pressure under a heavy tractor stays
acceptable, but the pressure in
deeper layers may cause remarkable
compaction.
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